Abstract We define N-graded and Z-graded E ∞ -rings, by using an ∞-operad constructed from the symmetric monoidal categories {0} ⊂ N ⊂ Z and the Day convolution. We consider the universality of one-element localization, and obtain projective schemes. We define a certain finiteness assumption on an N-graded E ∞ -ring A and Z-graded A-modules and show that, under the finiteness assumption, the ∞-category of perfect quasi-coherent sheaves over Proj A is equivalent to the localization of a certain ∞-category of Z-graded Amodules with respect to an ∞-subcategory of locally compact Z-compact graded A-modules which are gradedly bounded above.
INTRODUCTION
Let k be a field, and A a commutative ring of finite type over k. As is well-known, the category of A-modules is corresponding to the category of quasi-coherent sheaves over Spec A.
For a finitely generated commutative graded algebra A = ⊕ n≥0 A n over k, where A is generated by A 1 over A 0 , the category of quasi-coherent sheaves over Proj A is equivalent to the quotient category of the category of graded A-modules with the subcategory of graded A-modules gradedly bounded above [18, . The construction in the algebraic geometry goes back to Serre [16] , so that the correspondence is called the Serre theorem, and has been studied by Gabriel, Manin, and so on.
In noncommutative geometry and differential geometry, there are many approaches to define projective variety via abelian category (cf. [1] ) and derived category, which already have been considered in 1990s after Serre. However, the graded module categories still provide fruitful observations of invariants via the Serre theorem. For example calculations of cyclic homology and algebraic K -theory of polynomials or F 1 -algebras, even when the coefficient ring is not commutative.
Mandell, May, Schwede and Shipley defined the symmetric monoidal structure of the category of D-spectra in [12] , which is given by the Day convolution (cf. [12, Definition 1.9, Definition 21.4]) which is introduced at first in [2] . The theory of D-spectra can be applied to the category of Z-indexed spectra. Recall that the symmetric monoidal structure on the category is the coend There already have been the several generalization of D-spectra, especially Z-index, to the ∞-category theory. One of the main points is to define suitable Z-grading on spectra and the monoidal structure on them in the setting of ∞-category, which is mainly introduced by Lurie in his papers [7] , [6] .
In [7] , the constant simplicial set N ∆ (Z) plays a role of degree zero part on Z-grading in the setting of E 2 -rings.
Another spectra with Z-grading together with the Day convolution appears in [6, Section 2.2.6, Proposition 6.3.1.12], which is given by the generalized ∞-operad Z × N ∆ (Fin * ) in the setting of E 1 -rings.
Our construction is slightly different from these constructions since we require the E ∞ -ring structure to consider a spectral projective scheme by glueing covering sieves. We use ∞-operads obtained by the symmetric monoidal categories {0} ⊂ N ⊂ Z whose morphisms are just isomorphisms.
We define Z-graded and N-graded E ∞ -rings by lax monoidal functors from N ∆ (O herits the structure of enriched ∞-category [4] . By using this fact, we define the localization of graded E ∞ -rings with respect to one element.
We remark that our construction also makes sense for ordinary graded rings if we replace ∞-operads N ∆ (O ⊗ ) with a category O ⊗ obtained from colored operads as in Example 3.14.
We define projective spectral schemes as a subsheaf of a certain affine spectral scheme by specifying certain collections of morphisms in the setting of Lurie [5] . Our notion of projective spectral schemes includes the notion of projective spaces in [11, Section 5.4.1]. GabrielZisman [3] showed that the localization of category corresponds to a certain thick subcategory. The Serre theorem said that the localization with respect to sheafification of finitely presented modules specifies the thick subcategory consisting of gradedly bounded above modules. We consider an assumption in spectral algebraic geometry which corresponds to 2 the "finiteness" of ordinary graded rings and modules. We generalize the Serre theorem as follows. Acknowledgement. The author would like to express her thanks to Professor David Gepner for his variable advice on grading and his suggestion for using compact objects. The author also would like to express her thanks to Professor Gonçalo Tabuada for a lot of advice on compact objects. The author had an opportunity to talk with them during a program "Ktheory and related fields" at Hausdorff Institute in Bonn.
DAY CONVOLUTION ON Fun
Set 〈n〉 = { * , 1, 2, . . ., n}. Let Fin * be the category of finite pointed sets 〈n〉 whose base point is * . Morphisms in Fin * are maps of pointed finite sets [6 
Let p : X → S be an inner fibration of simplicial sets. An edge f : x → y of X is p-Cartesian if the induced map on overcategories (cf.
[5] Proposition 1.2.9.2)
is a trivial fibration of simplicial sets. An edge f : 
O.
A morphismᾱ in an ∞-operad is said to be inert if it is p-coCartesian, its image in N ∆ (Fin *  ) is inert and its image in C is an equivalence. For a symmetric monoidal ∞-category p :
We recall the Day convolution on ∞-category. 
by the Day convolution which is denoted by⊗. 
Then, we obtain a symmetric monoidal ∞-categories to the Segal category Fin * , and it is an isomorphism of categories. We will define a Z-graded (N-graded) E ∞ -ring A and graded A-module to be a monoid objects and A-module objects with respect to the graded tensor as follows.
and call its objects Z-graded E ∞ -rings.
(ii) We say that a Z-graded E ∞ -ring A is connective if each A i for i ∈ Z (as in Definition 2.2) is a connective spectrum.
(iii) The inclusion map N → Z is symmetric monoidal, and induces a map
We say that a Z-graded E ∞ -ring is N-graded if the underlying functor values 0 at any negative integer n ∈ Z.
(iv) Let R be an E ∞ -ring. We define the ∞-category of Z-graded E ∞ -rings over R by
and call its objects Z-graded E ∞ -rings over R.
Let us denote the ∞-category of Z-graded and N-graded E ∞ -rings by CAlg g r Z and CAlg g r N respectively. We usually identify objects of CAlg g r N with that of CAlg g r Z .
We denote by CAlg
and CAlg
the ∞-category of Z-graded and N-graded E ∞ -rings over R. 
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Definition 3.2. Consider the following diagram
N ∆ (O ⊗ Z ) ⊲Ā & & ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ N ∆ (O ⊗ Z ) A i o o N ∆ (Fin * ) 0 o o A 0 x x
Proposition 3.3. Under the notation of Definition 3.2, assume that A is a
Especially, the truncation functor (−) 0 commutes with the graded tensor.
Proof. Since {0} ⊂ Z is a fully faithful symmetric monoidal functor, the composed functor A 0 also has a E ∞ -ring structure induced from A. So (i) holds. Since the Day convolution preserves the colimits separably in each variable, it commutes with the left Kan extension.
So (ii) holds.
Definition 3.4. We call A(∞) the underlying E ∞ -ring of A. By virtue of Proposition 3.3, we sometimes regard A(∞) as A.
Since we take isomorphisms as morphisms in Z, we can write A(∞) as A i , where A i is a spectrum valued at i ∈ Z in Definition 2.2. 
Next, we will denote by Mod g r Z the ∞-category of Z-graded modules.
Definition 3.6. For a Z-graded E ∞ -ring A and an E ∞ -ring R,
where the notation Mod A (−) is in the sense of Lurie. Let us denote the ∞-category of
Z-graded A-modules by Mod
Ag r Z
6
(ii) We define the ∞-category of Z-graded A-modules over R by
We will denote by Mod 
We regard a mapping space Map Mod R (M, N ) (resp. Map Sp (M, N )) for R-modules M and N (resp. for spectra M and N ) as an R-module in Mod R (resp. as a spectrum in Sp). 
Proof. Since the Day convolution preserves colimits in each variable by Proposition 2.3, it admits the right adjoint, so that it is right closed. Therefore, Fun(
Definition 3.9. Let A be a Z-graded E ∞ -ring, and A(∞) be its underlying E ∞ -ring.
(i) Let us take an element a ∈ π 0 A(∞) which is homogeneous in usual sense. As in Definition 3.4, it is equivalent to take an element a of π 0 (A d ) for a certain d ∈ Z and the class of elements a k in each π 0 (A dk ) for k ∈ Z. We say that an element a ∈ π 0 (A(∞)) is degree
) be a functor given by the assignment of the underlying functor Z → Z; n → n + k. We take the left Kan extension of a functor X along (k) :
We write the left Kan extension X ′ of X as X (k). By the diagram, we have X (k) n ≃ X n+k .
Note that X (k) does not inherits algebra structure; but if X is an algebra object, also if f is degree 1, this universality is just for the universality with respect to the inner mapping spectrum, so that the localization is compatible with the graded tensor, i.e., we have
, so that we eas- (ii) We have an equivalence M[a 
and we also have the diagram of graded modules
Proof. Note that the graded tensor commutes with the truncation (−) 0 . So, by the observation of Remark 3.11, the first part of (iii) holds. By the associativity of the relative tensor product, we obtain (ii). The second part of (iii) follows from (ii) and Remark 3.11. For (i), by the universality of the localization, we have a morphism the universality of localization of (non-graded) E ∞ -ring and the fact that the localization is determined up to equivalence, we obtain an equivalence A[a
Example 3.14 (Ordinary grading). Let A be a discrete N-graded ring and (AMod g r ) be the ordinary category of (Z-)graded A-modules. We can apply our procedure together with O Z to the ordinary case; a graded algebra and a graded A-module are obtained by an algebra object and an A-module object with respect to the Day convolution on the functor category whose underlying category is just the category of symmetric monoidal functors Z → (ZMod).
The unit object is I , where the degree 0 part of I is Z and the other degree part is 0. We can construct a graded category (AMod g r ) g r whose associated category (AMod g r ) 0 is the category (AMod g r ) since the Day convolution has the right adjoint in the category AMod g r .
As objects of (AMod g r ) g r we take Z-graded modules. Given Z-graded modules L and M. The set of homomorphisms are given by 
where the bottom morphism is obtained by the whole diagram in Definition 3.2, which we also denote by (−) 0 .
For a graded Z-graded E ∞ -ring A, we have an equivalence ( n A(n)) 0 ≃ A 0 by the above dia-
gram. One may wonder if (
It is true since all the morphisms in the above diagram preserve monoidalicity.
Let C be an ∞-category. A sieve on C is a full ∞-subcategory C Let C ∈ C be an object, and i : U → j (C ) be a monomorphism in Fun(C op , S). We denote by C /C (U ) the full subcategory of C spanned by those objects f : D → C of C /C such that there exists a commutative diagram
Then, C /C (U ) becomes a sieve on C , and there is a bijection between the subobjects of j (C ) and the sieves on C given by sending i : is quasi-compact when we assume that A + is generated by finite number of elements in A 1 .
We will consider the several conditions to realize the similar situation. We define notations and the condition as follows, which we call the finite presentation condition.
Finite presentation condition.
(i) An E ∞ -ring R is coherent if any ideal of π 0 R is finitely presented and π n R is finitely presented over π 0 R. (ii) There exists x 1 , · · · , x n such that they give a Serre fibration A 0 {x 1 , · · · , x n } → Sym A 0 (A 1 ).
We may identify each x i with a vertex in A 0 {x 1 , · · · , x n } which gives an indeterminant x i
(iii) There is a Serre fibration
(iv) A Z-graded A-module M is locally compact if there exists n 0 ∈ Z such that the restricted Let k be a field. The Eilenberg-MacLane spectrum Hk is corehent E ∞ -ring. Moreover, it is regular, so that an almost perfect module over Hk is automatically perfect. This is one reason we often take a field as a base ring in classical case. So, we replace Hk by a regular E ∞ -ring R to proceed the same argument. However, note that the sphere spectrum S is not regular, since the K -theory is different from the G-theory on the sphere S.
Projective schemes.
We will explain a glueing of graded E ∞ -rings to define a projective spectral scheme.
Let A and B be N-graded E ∞ -rings. Consider a morphism φ : A → B of degree 0. Take
Definition 4.2. We say that a functor X : Ind(G
Sp Z ar (S)
op ) → S is a projective spectral scheme if there exists a collection {U a } such that U a covers X and there exists A ∈ CAlg g r Z such that
) for each U a and for degree more than 1 elements α a ∈ π 0 (A(∞)). Since the ∞-category of quasi-coherent sheaves on X = Proj A can be obtained as the limit
Assume Definition 4.1(iii). By the truncation
we modify the sheafification on X as follows. 
where the horizontal morphisms are assumed to be obtained by those morphisms which send a to an invertible element and the vertical morphisms are associated with the exten- 
Definition 4.6. A(n)
is denoted by O X (n) for n ∈ Z, and we define F(n) to be . We define the section functor Γ(X , −) : QCoh(X ) → Mod R to be the module obtained by the equalizer (4.1)
This definition is equivalent to the definition of the global section in the sense of Lurie as in [8] if we take an affine spectral scheme. Now, assume Definition 4.1(i) (ii) (iii). For a N-graded E ∞ -ring A over R, let X = Proj (A) and n∈Z Γ(Proj A, F(n)) a Z-graded A-module whose underlying functor assigns each n ∈ Z to Γ(X , F(n)). Let
Now, we will explain why Γ * (X , −) takes the values in Mod
Ag r Z R as the following lemma.
We compare A with and (iii), especially the condition Definition 4.1 (i), A itself is compact in usual sense and Zgraded compact, so that we obtain that A is locally perfect, and 
Lemma 4.8. Assume Definition 4.1(i) (ii) (iii). For a N-graded E
module F under this assumption. So, Γ * is the right adjoint of the sheafification (−) in this case. Thus, we also obtain a morphism A → Γ * (X , O X ) of Z-graded E ∞ -rings since Γ * commutes with tensoring affine covers.
We have the Γ(X , O X )-module Γ(X , n F(n)) if X is quasi-compact. Thus (ii) is proved. (ii) and
Proof. We will show this proposition like the previous lemma. By Definition 4.1 (ii) and (iii),
we can take a finite covering {Spec A[a
is ∞-quasi compact. Since i runs through the finite index set, X is also ∞-quasi compact.
Since A(n) ≃ A is perfect by the proof of Lemma 4.8, F(n) is also perfect by [10, Lemma 3.21] together with Definition 4.1 (i). So, the assertion follows since the limit in the right hand side is reduced to the finite limit.
Proposition 4.10. Let F be a quasi-coherent perfect O X -module, and assume Definition 4.1(i), (ii) and (iii). Then
Γ * (X , F)[a −1 ] 0 → Γ(Spec A[a −1 ] 0 , F
) is induced and it is an equivalence.
Proof. Since X becomes ∞-quasi compact by Definition 4.1(i)(ii)(iii) and F is a quasi-coherent O X -module, we identify Γ * (X , F), as in Definition 4.7, with the equalizer We have a natural morphism Γ * (X , F)[a Especially, we obtain an equivalence M → Γ * (˜) M. This equivalence shows that the main theorem in this paper is a generalization of Serre theorem which specifies the thick subcategory consisting of gradedly bounded above modules.
